We provide a detailed study of the Abelian quasiholes of ν = 1/2 bosonic fractional quantum Hall states on the torus geometry and in fractional Chern insulators. We find that the density distribution of a quasihole in a fractional Chern insulator can be related to that of the corresponding fractional quantum Hall state by choosing an appropriate length unit on the lattice. This length unit only depends on the lattice model that hosts the fractional Chern insulator. Therefore, the quasihole size in a fractional Chern insulator can be predicted for any lattice model once the quasihole size of the corresponding fractional quantum Hall state is known. We discuss the effect of the lattice embedding on the quasihole size. We also perform the braiding of quasiholes for fractional Chern insulator models to probe the fractional statistics of these excitations. The numerical values of the braiding phases accurately match the theoretical predictions.
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I. INTRODUCTION
One of the most remarkable features of topological ordered phases of matter is the emergence of fractionally charged excitations. These anyons may obey fractional or even nonAbelian statistics [1, 2] . This unique property is the key to implement topological quantum computation [3] . Among the physical systems that exhibit anyonic excitation, the fractional quantum Hall (FQH) effect is the most prominent example. There, an electron gas confined in two dimensions and penetrated by a uniform strong magnetic field can host anyonic excitations [4, 5] . Both theoretical [6] [7] [8] [9] [10] [11] [12] [13] and experimental [14] [15] [16] [17] characterization of anyons in FQH systems has been attracting a great deal of interest in current condensed matter research.
Recently, variants of the FQH effect on two-dimensional (2D) lattices have received a large interest. In particular, this includes the "Chern bands" or Chern insulators (CIs) that are the analogue of a single Landau level [18] [19] [20] . Strong interaction leads to correlated phases referred to as fractional Chern insulators (FCIs) [21] [22] [23] . These phases exhibit similar features to the FQH cousins. Some of the FCIs are direct lattice generalizations of the FQH effect [24] [25] [26] [27] [28] [29] [30] , similar to the well-known Hofstadter model. In other cases, the absence of net external magnetic field is a major advantage [20, [31] [32] [33] [34] [35] [36] [37] . FCIs are usually based on tight-binding models with shortrange repulsion, a natural set-up in electronic materials. But other models far from the tight-binding limit have been proposed in the context of ultracold gases such as optical flux lattices [38] [39] [40] .
The study of the excitations in FCIs via the energy or the entanglement spectra have been widely used as a way to probe the topological order of these phases. Interestingly, direct characterization of the excitations has been mostly ignored (except for analytic wave functions [41, 42] ). A basic property such as the spatial extent of the quasiholes is highly relevant for experimental set-ups and measurements. In the case of the FQH effect, this size [9] [10] [11] [12] [13] is a limiting factor for the design interferometers [43] . For ultracold gases where one can directly image the density, the spatial extent is required to know if the detection of quasiholes is within the range of the optical resolution [44] .
In this paper, we numerically study the previously ignored quasihole properties in FCIs, namely their spatial extent, charge and statistics. Motivated by the relevance for the ultracold gas implementation, we focus on strongly interacting bosons and the simplest phase: the Laughlin ν = 1/2 phase. We consider various FCI models such as the Kagome [33, 45] , Checkerboard [19, 20, 32] , Honeycomb [33, 46] , and Ruby [33, 47] lattices and the Kapit-Mueller model [29, 48] . Pinning a single quasihole on the lattice, we propose an empirical relation between the spatial extent of a quasihole in a given FCI model and the one of a quasihole in the corresponding FQH state. This relation simply requires substituting the magnetic length B in the continuum with an effective latticedependent magnetic length lat B ≡ A/(2π), where A is the area of the lattice unit cell. Since the FQH quasihole can be reliably determined, we thus provide a simple way to predict the spatial extent for any type of quasihole in any FCI model. We also perform the braiding of two quasiholes for the above mentioned FCIs to probe the fractional statistics of these excitations. Despite the moderate system sizes that can be numerically reached by exact diagonalization (up to 24 unit cells), we accurately recover the predicted statistical phase. Interestingly, the braiding path can be chosen to enclose an integer number of unit cells and thus to cancel any Aharonov-Bohm (AB) contribution to the Berry matrix, thus providing a direct access to the statistical phase.
The paper is organized as follows. In Section II, we describe the numerical characterization of the Laughlin ν = 1/2 FQH quasihole on the torus geometry, including the quasihole size, charge and statistics. The close relation between this geometry and the FCIs with periodic boundary conditions [49] , exemplifies how the pinning, measurement and braiding of quasiholes are numerically performed. In Section III, we discuss the case of quasihole excitation in FCIs. By studying various models, we provide a simple formula to predict the quasihole size in any FCI model from the quasihole size in the corresponding FQH state by defining a lattice-dependent effective magnetic length. We explicitly show the fractional statistics in the case of Laughlin-like phase in FCIs. Finally, we summarize our results in Section IV.
II. FQH QUASIHOLES ON THE TORUS GEOMETRY
We consider N bosons of charge e in the lowest Landau level on a torus spanned by two basic vectors L 1 and L 2 . Assuming the number of flux quanta, N s , through surface of the torus is an integer, the magnetic translation invariance leads to
where B is the magnetic length. The filling in one Landau level is defined as ν ≡ N/N s . We suppose that the bosons interact by the periodic two-body contact Hamiltonian
For this interaction, the two-fold degenerate ν = 1/2 bosonic Laughlin state is the densest exact zero-energy ground states.
When we add N qh extra flux quanta, namely N s = 2N + N qh , N qh Abelian quasiholes with charge −e/2 are nucleated. In the energy spectrum of H int , these delocalized quasiholes are associated with a manifold of zero-energy states, whose degeneracy per momentum sector can be predicted using the Haldane's exclusion principle [49] . Each quasihole can be pinned at position w k by an impurity potential
gives the ground states with N qh localized quasiholes. For ν = 1/2 Laughlin states, a delta impurity potential H imp (w) = N i=1 δ(r i − w) can readily keep a quasihole screened and localized at w. Thus the states with localized quasiholes preserve zero energy. However, the computational cost of this direct diagonalization is high because localized quasiholes break the translation invariance on the torus and we do not have good quantum numbers to reduce the many-body Hilbert space dimension. In order to avoid this difficulty, we assume that the gap between the quasihole manifold and other excited states is much larger than the strength of impurities so impurities cannot mix them. Then we can first diagonalize H int to obtain the quasihole manifold of zero-energy states, where we have translation invariance. We then diagonalize impurity potentials in the quasihole manifold, whose dimension is much smaller than the one of the full many-body Hilbert space, to obtain the ground states with localized quasiholes. The degeneracy of localized quasihole states on the torus can be predicted by Haldane's exclusion principle as well as conformal field theory [50] .
A. Single quasihole
A first characterization of the existence of the quasihole is to compute its spatial extent and charge. For this purpose, we generate a single quasihole by inserting a single flux quantum, namely N s = 2N + 1. In this case, the quasihole manifold contains N s zero-energy states. For simplicity, we choose a torus with a square aspect ratio, i.e.
By diagonalizing the impurity in the quasihole manifold of dimension N s , we obtain two zero-energy degenerate ground states. We could in principle consider any linear combination of these two states as a single pinned quasihole. For the system sizes that we have considered, different choices lead to similar density distribution (with a relative error 10 −4 for N = 12). In order to avoid this arbitrariness while preserving similar results, we compute the average spatial density distribution ρ over these two degenerate states. We find that the quasihole is indeed pinned at the center of the torus where the density is zero [ Fig. 1(a) ]. ρ is isotropic around the quasihole and 2π 2 B ρ tends to ν = 1/2 when the distance r from the quasihole reaches about 5 B (in the following we use the numerical value of ρ(r) in the diagonal direction) [ Fig. 1(b) ]. In order to verify the quasihole charge is −e/2, we calculate the excess charge defined as
where ρ(r) is the density at the distance r from the quasihole and ρ 0 = ν/(2π 2 B ) is the uniform density without quasiholes. We find that Q(r) indeed tends to −e/2 for r 6 B [ Fig. 1(b) ].
The quasihole radius R FQH qh can be estimated by various methods [12] . Here we adopt the definition by the second moment of ρ(r), namely
where r max is the largest distance from the quasihole on our sample. A numerical calculation of Eq. (3) shows R 
B. Braiding of two quasiholes
Another characterization of the quasiholes is the anyon statistics when we braid them. For simplicity, we generate only two quasiholes by choosing N s = 2N + 2 and use two delta impurities to separate and to pin them. Again, by diagonalizing the impurity potentials in the zero-energy quasihole manifold, we obtain two zero-energy degenerate ground states with two localized quasiholes. We compute the average spatial density distribution ρ over these two degenerate states and find that we can indeed pin the quasiholes and separate them [ Fig. 2(a) ].
In order to extract the anyon statistics, we move one quasihole clockwise around the other along a circle of radius D [ Fig. 2(a) ]. This can be achieved by fixing the position of one impurity and moving the other. The accumulated Berry phase is encoded in the eigenvalues of the unitary Berry matrix
where θ is the polar angle of the mobile quasihole (impurity),
is the Berry connection matrix, and |ψ i (θ) are the degenerate states that we get by diagonalizing the impurity potentials for each θ. By imposing a smooth gauge condition
, where p 1 and p 2 are the Berry phases. The total Berry phase (p 1 , p 2 ) can be split into two parts: one is the AB phase (p 1 , p 2 ) AB caused by moving a single quasihole in the uniform magnetic field along the same path without the other quasihole enclosed; the other comes from the anyonic statistics (p 1 , p 2 ) anyon . The AB phase should be (p 1 ) AB = (p 2 ) AB = πD 2 /2, and the anyon statistics Fig. 2(b) , we study the anyon statistics as a function of D. When D is large enough, (p i ) anyon exponentially converges to the theoretical value ±π. The critical value of D for which (p i ) anyon is close enough to the theoretical value can be used as another definition of the quasihole size. If we set |(p i ) anyon + π| ≤ 0.01π as the threshold, we get the critical value of D as 4.54 B , leading to
We emphasize that our results, although obtained for a square sample, are robust with respect to the aspect ratio and twist angle of the torus, so long as |L 1 | and |L 2 | are bigger than the quasihole size.
III. QUASIHOLES IN FCIS
Now we focus on fractional Chern insulators. We consider N bosons on a 2D lattice on the torus with lattice constant a. There are N 1 and N 2 unit cells along two lattice vectors a 1 and a 2 respectively, and each unit cell contains s sites [see. Fig. 3(a) for an example based on the Kagome lattice]. The single-particle problem is described by a tight-binding Hamil-
creates (annihilates) a boson with momentum k on the site α in a unit cell. The filling factor in one Bloch band is defined as ν ≡ N/(N 1 N 2 ). Bosons interact through the on-site two-body Hubbard Hamiltonian
, where n i is the occupation operator on lattice site i. This interaction mimics the contact interaction of the FQH system in Sec. II and stabilizes the ν = 1/2 bosonic FCIs in various lattice models [29, 45, 51, 52] . We use a simple on-site impurity H imp (w) = n w to pin one quasihole on site w. For large numerical efficiency, we project the interaction as well as impurity potentials into the Hilbert subspace of the lowest Bloch band that is fractionally occupied by bosons. This projection is implemented by replacing d k,α by u α,k γ k , where u α,k is the α component of the eigenvector of the occupied band and γ k is the annihilation operator of a particle with momentum k in the occupied band.
Similar to the FQH case, the FCI ground states of H int are (in general approximately) two-fold degenerate for N 1 N 2 = 2N , and N qh delocalized quasiholes are created when the lattice size is enlarged to N 1 N 2 = 2N + N qh . These quasiholes are associated with a manifold of low-energy (generally not zero-energy) states in the energy spectrum of H int . Again, we assume impurities do not mix the quasihole manifold with higher-energy excited states. Therefore we can safely diagonalize impurity potentials in the quasihole manifold to obtain the ground states with localized quasiholes. The prediction of the counting of delocalized or localized quasiholes in FCIs can be obtained from the corresponding FQH results by the FQH-FCI mapping proposed in Ref. [49] .
A. Single quasihole
We start our discussion by considering the Kagome lattice model [18, 33] as defined in Fig. 3(a) . In a manner similar to the FQH case, we first focus on the spatial extent of the quasihole. The manifold with a single delocalized quasihole consists of N 1 N 2 low-energy states. The diagonalization of the on-site impurity in this manifold gives us two approximately degenerate ground states. By computing the average lattice site occupation n i over these two states, we find that the quasihole is indeed localized on one site where the occupation is very small. The lattice site occupation around the quasihole is not isotropic like the density in the FQH case, but it is inversion symmetric with respect to the quasihole, and s n i tends to ν = 1/2 on sites far away from the quasihole [ Fig. 3(b) ].
Because the FCIs in Chern number |C| = 1 band can be regarded as the lattice version of corresponding FQH states, we expect to establish a correspondence between the quasihole spatial structure of these two systems. We plot the lattice site occupation versus the distance from the pinning potential. We compare it with the radial density distribution around the quasihole in the FQH case. If we naively use a and B as the length units in the FCI and FQH cases respectively, these two plots do not match as seen in Fig. 3(c) . However, there is no reason to expect that a is the counterpart of B . In order to find the optimal length unit 0 on the lattice that can mimic B in the FQH case, we numerically minimize the following function
where n(r i ) FCI is the occupation on lattice site i with distance r i from the quasihole in FCIs with single-quasihole excitation, and ρ FQH (r) is the radial density distribution around the quasihole of corresponding FQH states. By using the FQH data ρ(r) obtained in Sec. II A on a square torus (this is appropriate when the aspect ratio and twist angle of the lattice are not too small), we get 0 ≈ 0.742a for N = 7, N 1 × N 2 = 3 × 5 and 0 ≈ 0.741a for N = 12, N 1 × N 2 = 5 × 5. With 0 as the length unit on the lattice, the radial site occupation around the quasihole in the FCI indeed matches the curve in the FQH case [ Fig. 3(d) ]. We interpret this numerically obtained 0 as an approximation of the lattice magnetic length lat B of the underlying lattice. In the Kagome lattice model, there is no net external magnetic field [18] , so it is unclear how to define a magnetic length as in the FQH case. However, we notice that the total phase that a particle picks up by hopping around the unit cell [indicated in Fig. 3(a) ] is 0 and there is no observable difference between a phase 0 and 2π. Therefore, we can imagine that an effective magnetic field exists which causes an AB phase 2π for a boson moving around the unit cell. Then the lattice magnetic length can be defined as In order to further examine the existence of the effective magnetic field in the unit cell, we use the quasihole as a detector. Because the charge of a quasihole is half of that of a boson, the AB phase that a quasihole picks up by moving around the unit cell should be ±π if the effective magnetic field really exists. We adopt the method in Ref. [41] to move the quasihole by a time-dependent impurity H imp = j V j (t)n j . At each time t, V j (t) is nonzero only on two nearest-neighbor sites w 1 and w 2 and H imp = (1 − η)n w1 + ηn w2 . When η slowly changes with t from 0 to 1 (we use 150 steps in the calculations), a quasihole is gradually moved from w 1 to w 2 . Then similarly it can be moved from w 2 to the next site. We suppose the quasihole returns to the initial site at t = T . Similar to Sec. II A, the unitary Berry matrix is
where γ ij (t) = i ψ i (t)|∇ t |ψ j (t) is the Berry connection matrix, |ψ i (t) are the approximately degenerate states that we get by diagonalizing the impurity potentials at each t, and P is the time ordering symbol. By imposing a smooth gauge condition
, where p 1 and p 2 are the AB phases that the quasihole picks up. We calculate (p 1 , p 2 ) AB for the Kagome lattice model of different sizes. The results are very close to the expected value ±π. We obtain (p 1 , p 2 ) AB = (0.975π, −0.975π) and (p 1 , p 2 ) AB = (0.998π, −0.998π) for 3 × 5 and 5 × 5 lattices, respectively. This means that the quasihole indeed feels the effective magnetic field.
Our analysis above for the Kagome lattice model also holds for other FCI models, such as the Kapit-Mueller [29, 48] , Checkerboard [19, 20, 32] , Honeycomb [33, 46] , and Ruby lattice model [33, 47] . We summarize the results in Fig. 4 and Table I . For each model we consider two different system sizes to show the robustness of our results. In the Kapit- The lattice constant a in each model is the distance between two nearest-neighbor sites. The unit cell in each lattice model is indicated by the shaded area, along which the AB phase that a quasihole picks up is expected to be ±π. In (d) and (e) we show the radial lattice site occupation around the quasihole, where the length unit is a in (d) and 0 in (e). The radial density distribution around the quasihole in the FQH case [ Fig. 1(b) ] is also plotted for reference (green line) with the length unit B . One can see that the radial site occupation around the quasihole in each FCI model is actually a discrete sampling of the density in the FQH case after we choose appropriate lattice length unit 0 that depends on the model. , and the AB phase (p1, p2)AB that the quasihole obtains after moving around the unit cell. We adopt the same notation of model parameters as in Refs. [32, 33] . For the Kapit-Mueller model, we fix N = 10, N1 × N2 = 3 × 7, but consider different flux densities φ = 1/2 and φ = 1/3. For other FCI models, we consider two system sizes where N = 7, N1 × N2 = 3 × 5 and N = 12, N1 × N2 = 5 × 5 respectively. When calculating 0, we use the FQH data ρ(r) in Sec. II A on a square torus. This is appropriate because the aspect ratios and twist angles of our lattices are not too small. Besides 0, we also give the theoretical values of lat B in brackets for comparison. R Mueller model, where a uniform external magnetic field B exists, the magnetic length can be straightforwardly calculated by the standard definition as /(eB) = a( 
We end this section with a discussion of the effect of embedding on the FCI-FQH correspondence of the radial site occupation (density) around the quasihole. An embedding is determined by the positions of s sites in one unit cell. Its information is not included in the tight-binding Hamiltonian, the interaction, or the impurity potential. However, it was previously shown that the embedding has to be carefully chosen to maximize the overlap between the numerical states and the model states [53] and establish the single-mode approximation [54] . In our calculation, the embedding does matter if we want to study the spatial extent of the quasihole because it determines the distance between lattice sites. For the Kagome lattice model, the optimal embedding is the one shown in Fig. 3(a) [53, 54] . This embedding preserves the inversion symmetry which is also present in the interaction and energy spectrum. In this sense, we use the optimal embedding of each FCI model in the analysis above. If we change the embedding, we expect to see that the mapping between FCI site occupation and FQH density could become worse and even collapse. In Fig. 5 , we choose different embedding for the Checkerboard and Kagome lattice model. For each embedding, we compute the minimal value of f ( 0 ) [Eq. (5)]. Indeed, min[f ( 0 )] is close to 0 for the optimal embedding, and becomes much larger if the embedding is far from the optimal one. This means, the FCI-FQH mapping favors the optimal embedding rather than a random one.
B. Braiding of two quasiholes
We now address the braiding of quasiholes in FCIs. We generate two quasiholes on the lattice by letting N 1 N 2 = 2N + 2, so we can exchange them or move one around the other by a time-dependent impurity similar to the one used in Sec. III A. At each time t, V j (t) is nonzero only on three sites w 1 , w 2 and w 3 . The impurity has the form of (1 − η)n w1 + ηn w2 + n w3 , so it can pin one quasihole at w 3 , and move the other from w 1 to w 2 . Again, the total Berry phase (p 1 , p 2 ) can be split into two parts: one is the AB phase has a valley at L = a, corresponding to the optimal embedding.
1 (2) 2 ( caused by moving a single quasihole in the effective magnetic field along this path without other quasiholes enclosed; the other comes from the anyonic statistics (p 1 , p 2 ) anyon . We first exchange two quasiholes on the Kagome lattice. The exchange path is shown in Figs. 6(a-d) . We choose this path to maximally separate two quasiholes during the whole process and enclose an integer number of unit cells. Thus we expect the total Berry phase (p 1 , p 2 ) = (p 1 , p 2 ) anyon = (0.5π, 0.5π) and the AB phase (p 1 , p 2 ) AB = (0, 0). Our numerical results Table II . Here we show the total Berry phases (p1, p2) induced by the exchange of two quasiholes along the path in Figs. 6(a-d) , and the AB phases (p1, p2)AB that a single quasihole picks up along that path for various system sizes. are indeed close to the expected values (Table II) . One should note that they are improved for larger system size and more isotropic aspect ratio. We can of course choose a path that does not enclose an integer number of unit cells. For example, we can braid one quasihole around the other along a complicated path on the Ruby lattice as shown in Fig. 7 . We compute the AB phase by moving a single quasihole along the same path. The numerical results are (p 1 , p 2 ) = (0.219π, 0.220π) (obtained on the 4 × 6 lattice) and (p 1 , p 2 ) AB = (−0.778π, −0.778π) (obtained on the 5 × 5 lattice), therefore (p 1 , p 2 ) anyon = (0.997π, 0.998π), which is extremely close to the expected value (p 1 , p 2 ) anyon = (π, π).
IV. CONCLUSION
In this paper, we have investigated the properties of quasiholes for the ν = 1/2 Abelian bosonic FQH and FCI states. For the model Laughlin states on the torus geometry, we pin the −e/2 quasihole by a delta impurity and measure the quasihole radius R qh through the second moment of the radial density distribution and the braiding phase of two quasiholes. From these two we find R qh ≈ 1.76 B and R qh ≈ 2.27 B respectively.
Similarly, on the lattice, a FCI quasihole is pinned by an on-site impurity. The determination of the FCI quasihole radius is a bit more involved due to the natural anisotropy of the lattice. However, by rescaling the discrete set of on-site occupation around a FCI quasihole to fit the corresponding FQH quasihole density profile, we are able to reliably extract the FCI quasihole spatial extent for all models considered here. The seemingly model-dependent quasihole radius can be unified once it is expressed in unit of the model-dependent lattice magnetic length lat B : it is then very close to R qh in unit of B . We also perform the braiding of two quasiholes and we accurately recover the predicted statistical phase. Interestingly, the braiding path can be chosen to enclose an integer number of unit cells and thus to cancel any Aharonov-Bohm contribution to the Berry matrix, providing a direct access to the statistical phase.
While our work focuses on the simplest FQH/FCI state, namely the Laughlin ν = 1/2 phase, we argue that the relation between the sizes of any quasihole in the FQH effect and its counterpart in any FCI model is related by the modeldependent lattice magnetic length lat B . Knowing many quasihole types have been considered and studied in the context of the FQH effect, this relation is highly valuable for any experimental detection scheme that relies on the spatial extent of the excitations.
There are several possible future developments based on this work. Checking the non-Abelian statistics in FCIs is more challenging. Indeed, the tractable lattice sizes by exact diagonalization are smaller and the quasiholes are larger [9, 13] (and thus harder to separate). Moreover realistic pinning potentials are more complicated [10, 11] . Therefore, DMRGbased techniques are more appropriate for studying the nonAbelian problem on the lattice [55, 56] . Secondly, we have only used isotropic short-range interactions in this work. It might also be useful to consider the effect of long-range interaction such as the dipolar interaction [25, 37, 48] , which may increase the quasihole size. The anisotropic interaction may distort the quasihole and reveal the quantum geometry in FCIs [57, 58] . Another interesting route is the FCIs for band with a Chern number |C| larger than one [36, 40, 53, [59] [60] [61] [62] . Once strong interactions are turned on in one |C| > 1 band, these systems host new phases that are a generalization of the Halperin states [63] in the boundary conditions that entangle the orbital and internal degrees of freedom [53] . Looking at the effect of this interplay on the braiding properties might be instructive in probing these phases.
